deformation gives a flat family of hypersurfaces changing the complex structure on the original Calabi-Yau hypersurface.
We have the following plan for the paper. Section 1 gives a set up of the toric varieties in terms of homogeneous coordinates, and also describes the space of infinitesimal deformations of minimal Calabi-Yau hypersurfaces. Then, Section 2 has the construction of deformations of complete toric varieties with a big and nef divisor. We show that such deformations induce deformations of the hypersurfaces as well. In Section 3, we calculate the infinitesimal deformations in terms ofČech cocycles corresponding to the global deformations of the hypersurfaces. For a basis of the space of infinitesimal deformations of the minimal Calabi-Yau hypersurface, we get the corresponding global deformations.
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Infinitesimal deformations of Calabi-Yau hypersurfaces.
This section recalls the definition of a toric variety as a quotient of a Zariski open subset of an affine space by a linear diagonal action of some algebraic subgroup of a complex torus. We also review the description of the space of infinitesimal deformations H 1 (X, T X ) for a minimal Calabi-Yau hypersurface X in a complete simplicial toric variety P Σ . Then, we show that the non-polynomial infinitesimal deformations represented byČech cocycles have a "lift" to the space H 1 (P Σ , T PΣ ). This leads us to the crucial observation that the non-polynomial deformations of a Calabi-Yau hypersurface should be induced by the deformations of the ambient toric variety. Basic facts about toric varieties can be found in [C2, F, D, Od] .
We start defining toric varieties with a lattice N of rank d. A rational convex polyhedral cone σ ⊂ N R := N ⊗ Z R is a cone generated by finitely many elements u 1 , . . . , u s ∈ N :
Such a cone σ is strongly convex if σ ∩ (−σ) = 0. A face of σ is the intersection of σ with one of its supporting hyperplanes: {L = 0} ∩ σ, where L is a linear form, nonnegative on σ. A fan Σ is defined to be a finite collection of strongly convex rational polyhedral cones in N R such that (i) Each face of a cone in Σ belongs to Σ, (ii) The intersection of two cones in Σ is a face of each. Denote by Σ(k) the set of k-dimensional cones of a fan Σ. Suppose that 1-dimensional cones of Σ span N R . Then, by [C1] , the toric variety P Σ , associated with the fan Σ, can be constructed as follows. Let A n = Spec(C[x 1 , . . . , x n ]), where n is the number of 1-dimensional cones Σ(1), and let B(Σ) = ρi ∈σ x i be the ideal in C[x 1 , . . . , x n ]. Then, the complement to the closed subset defined by B(Σ) gives the Zariski open set A n \ V(B(Σ)). This set is invariant under the action of an affine algebraic D-group G, a subgroup of (C * ) n , defined as a kernel of the group homomorphism (C
), where e 1 , . . . , e n are the minimal lattice generators of the 1-dimensional cones ρ 1 , . . . , ρ n of the fan Σ, and where m 1 , . . . , m d is a basis of the dual lattice M = Hom(N, Z) and , is the pairing. Theorem 2.1 in [C1] , allows us to define the toric variety P Σ , associated with the fan Σ, as the categorical quotient of A n \ V(B(Σ)) by G. 
To describe the infinitesimal deformations we first consider a more general situation than the one of a Calabi-Yau hypersurface. As in [M2, Section 4] , let X be a big and nef hypersurface, defined by f ∈ S β , in the toric variety P Σ . Then, by Proposition 1.2 in [M1] , there is the associated toric morphism π : P Σ → P ΣX . Consider a 2-dimensional cone σ ∈ Σ X with at least one 1-dimensional cone ρ ⊂ σ, whose generator lies in the relative interior int(σ) of σ. Using such a cone σ form an open covering of the toric variety P Σ by the sets
for all cones σ ′ ∈ Σ(2) that lie in σ. Fix an order for this open covering corresponding to as the cones lie inside σ: ρ l0¨¨¨¨¨σ
where n(σ) is the number of cones ρ such that ρ ⊂ σ and ρ / ∈ Σ X (1). Now let P Σ be a simplicial toric variety and assume in addition that the hypersurface X ⊂ P Σ is quasismooth, i.e., the partial derivatives ∂f /∂x 1 , . . . , ∂f /∂x n do not vanish simultaneously on P Σ . Consider a refinement U i,σj = U i ∩ U σj of the above open covering and the open covering
, where U i = {x ∈ P : f i (x) = 0} and f i := ∂f /∂x i . Denote the refined covering U σ , considering the order on this covering as the lexicographic order for the pairs of indices (i, j).
In [M2] , we had two different types ofČech cocycles which represent some elements in H 1 (X, T X ):
where
, then, as in (1), l = l j for some j, and we set
, and ∂ l k = 0 for k = j, j + 1.
The above cocycles give maps: γ :
The following statement is a part of Theorem 7.1 in [M2] . Proposition 1.2. Let X ⊂ P Σ be a semiample anticanonical nondegenerate (i.e., transversal to the torus orbits) hypersurface in a complete simplicial toric variety, defined by f ∈ S β . Then there is an isomorphism
where the sum
Remark 1.3. In the above proposition, if the Calabi-Yau hypersurface X in P Σ has terminal singularities, as in the case of a maximal projective subdivision of the fan of a Fano toric variety (see [B] ), then X is a minimal Calabi-Yau orbifold (see Definition 1.4.1 in [CK] ), and, by Proposition A.4.2 in [CK] , the space H 1 (X, T X ) classifies infinitesimal deformations.
The space R 1 (f ) β in Proposition 1.2 represents the polynomial deformations of a semiample nondegenerate Calabi-Yau hypersurface performed inside the toric variety. Indeed, the space H 0 (X, N X/PΣ ) classifies the infinitesimal deformations of X as a subvariety of P Σ (see [H, Chapter III, Exercise 9.7] ). On the other hand, the short exact sequence
(here, i : X ⊂ P Σ is the inclusion) gives the maps
As remarked after Definition 3.1 in [M2, Section 3] , the restriction of the cocy-
is aČech coboundary. By the exactness of the above sequence at the middle term, we deduce that γ A represent the polynomial deformations, i.e., those that can be performed inside the ambient space. We will now show that the other part -the non-polynomial infinitesimal deformationsin
.
Since the polynomials ∂ l j0 , df are divisible by all x i such that e i is in the relative interior of σ, this cocycle is equivalent up to a coboundary to
which has an obvious lift by the restriction map
Notice that the lift is independent of the hypersurface X, which is a strong evidence that the non-polynomial deformations are induced by the deformation of the ambient variety. We should also point out that the above cocycles are coboundaries in the case B ∈ S β σ 1 is divisible by x l .
Deformations of toric varieties and semiample hypersurfaces.
In this section, we take the open covering of the toric variety used for the cocycles representing the non-polynomial deformations and reglue the open sets in a certain way so that the complex structure deforms on the toric variety. The construction of a flat family corresponding to this gluing is automatic. Then, we also find a subfamily which gives a non-polynomial deformation of semiample hypersurfaces. We consider complete toric varieties over complex numbers, but everything holds over an algebraically closed field.
Let P Σ be a complete toric variety with a big and nef divisor class [X] ∈ A d−1 (P Σ ). Take the open covering {U σj } n(σ) j=1 , considered in Section 1 for σ ∈ Σ X (2) with at least one e l , l = l j as in (1), lying in its relative interior. It was practical to use this open covering in [M2] for calculations, but we should note that this covering of the toric variety P Σ is a refinement of a covering by two open sets U l 0 and U l 1 given by k>j x l k = 0 and k<j x l k = 0, respectively. These sets intersect in the open toric subvariety
Next, note that the noncomplete toric variety U 
For those u above, which satisfy u, e l = −1, the lattice point −u is called a root of the noncomplete toric variety U l 0 ∩ U l 1 (this is similar to the definitions in [C1] and [De] ).
To deform the complex structure on the toric variety P Σ , we reglue the open subsets U 
which send a point in U l 0 ∩ U l 1 represented by (x 1 , . . . , x l , . . . , x n ) to the corresponding points in U l k represented by
All this is well defined because there are natural commutative diagrams:
where the horizontal arrows are toric morphisms (see [C1, page 27] (3) induces an automorphism on that set, and the above gluing produces the same variety P Σ . If −u is the root, the glued set is not a toric variety any more, but it still has a Zariski open covering by noncomplete toric varieties, in fact, the same covering as the initial complete toric variety had. Such varieties fit into the category of toroidal varieties (see [D] ).
The description of the deformation of complex structure we presented is analogous to Spencer's idea on the complex deformation in [Kos] . However, algebraic geometry defines a (global) deformation of a scheme as a flat family with one of the fibers isomorphic to the scheme. The construction of such a flat family from the gluing condition is straightforward. In our situation, consider two sets
to form a reduced scheme P by the identification:
where λ is an affine coordinate on A 1 . The obvious projection onto the last component gives us a flat family P − → A 1 whose fiber over the point λ = 0 is precisely the original complete toric variety P Σ .
To describe the deformations of big and nef hypersurfaces X ⊂ P Σ induced by the above deformations of the ambient toric variety, we will construct three families in
1 , which will be patched together by the identification (4). For simplicity, we only restrict to nontrivial deformations assuming that −u is the root of U 
1 of the semiample hypersurface X ⊂ P Σ . This family is flat because algebraic families of divisors are flat (see [H, Chapter III, Example 9.8.5 
]).
To confirm our construction we want to compare it with the non-polynomial deformation of a Calabi-Yau hypersurface in the weighted projective space P(1, 1, 2, 2, 2) described in [KaKLMc] .
Example 2.1. Let Y be the quasismooth Calabi-Yau hypersurface in P(1, 1, 2, 2, 2), with homogeneous coordinates z 1 , z 2 , z 3 , z 4 , z 5 , defined by the equation 
is singular along P 2 given by z 1 = z 2 = 0. This singularity corresponds to the fact that the 2-dimensional cone σ generated by the first two lattice points (−1, −2, −2, −2) and (1, 0, 0, 0) contains another lattice point not integrally generated by these generators:
The crepant desingularization of P(1, 1, 2, 2, 2) is the toric variety P Σ whose fan is obtained from the fan determined by (5) by inserting the ray through (0, −1, −1, −1). If x 1 , x 2 , x 3 , x 4 , x 5 , x 6 denote the homogeneous coordinates of P Σ , corresponding to the five points in (5) To describe the non-polynomial deformation of X first embed P(1, 1, 2, 2, 2) into P 5 by the degree 2 linear system: 
The complex deformation of X, as stated in [KaKLMc] , is the blow-up of the complete intersections of the quartic (6) and a family of rank 4 quadrics, like y 0 y 1 = y 2 (y 2 +2λy 3 ), in P 5 along y 0 = y 2 = 0. We can describe this blow-up as the complete intersection
in P 5 × P 1 , where z 1 , z 2 are the coordinates on the P 1 factor. The toric variety P Σ , which is the blow-up of the quadric y 0 y 1 = y 2 2 along y 0 = y 2 = 0, is isomorphic to the complete intersection y 1 z 1 = y 2 z 2 and y 0 z 2 = y 2 z 1 under the map
Comparing the above deformation with ours, let l = 6 and l 0 = 1. Then notice that the charts U l 0 and U l 1 , defined by x 2 = 0 and x 1 = 0 in P Σ , respectively, can be identified with the open subsets z 2 = 0 and z 1 = 0 of the complete intersection (7) by composing (8) with the maps, which send (y, z) to (y 0 − 2λy 3 z1 z2 , y 1 , y 2 − 2λy 3 , y 3 , y 4 , y 5 , z 1 , z 2 ) and (y 0 , y 1 + 2λy 3 z2 z1 , y 2 , y 3 , y 4 , y 5 , z 1 , z 2 ), respectively. This gives the transition function between U l 0 and U l 1 : (x 1 , . . . , x 5 , x 6 ) → (x 1 , . . . , x 5 , x 6 − 2λ
x 3 x 1 x 2 ), precisely as we had in (4) with u = (−1, 1, 0, 0). Under the above identification, the quartic (6) maps to the hypersurfaces in U 3. Matching the global and infinitesimal deformations.
Here, we find the correspondence between the deformations constructed in the previous section and theČech cocycles representing infinitesimal deformations of toric varieties and infinitesimal non-polynomial deformations of semiample hypersurfaces in Section 1.
To compute the infinitesimal deformation of the toric variety, we can use the formulas in [Ko, §4.2] . The open covering of each fiber in the family P − → A Since the identity x lj−1 ∂ lj−1 mult(σ j ) + x lj+1 ∂ lj+1 mult(σ j+1 ) = mult(σ j + σ j+1 ) mult(σ j )mult(σ j+1 )
x lj ∂ lj holds (see (7) in [M2] ), we conclude that the above cocycle represents the same element in H 1 (P Σ , T PΣ ) as the −2mult(σ j )mult(σ j+1 )/mult(σ j + σ j+1 ) multiple of (2) with B = ρi⊂σ x i n i=1 x u,ei i correspond on the level of rings to mapping a function a+bε to a+(b+θ (i0,k0)(i1,k1) a)ε, where θ (i0,k0)(i1,k1) is the polyvector field
TheČech cocycle {θ (i0,k0)(i1,k1) } (i0,k0)(i1,k1) represents the infinitesimal deformation X ′ of the hypersurface X in H 1 (X, T X ). It is not hard to see that, up to a polynomial infinitesimal deformation γ A for appropriate A ∈ S β , the cocycle −2 mult(σ j )mult(σ j+1 ) mult(σ j + σ j+1 ) (γ l B ) (i0,j0)(i1,j1)
u,ei i corresponds to the same element in H 1 (X, T X ) as {θ (i0,k0)(i1,k1) } (i0,k0)(i1,k1) does.
